Disjoint partitions, and its counting, have been widely studied in the literature of optimal partitions and clustering. We give an exact counting on the number of disjoint ordered 2-partitions for n points in general position in R 2 . We also give an exact counting on the maximum number of disjoint 2-partitions, where one part consists of two points, over all sets of n points in R 2 .
Introduction
Let d and n be given positive integers. Let 4 , v 5 }. For (1, 1, 2) partition, ({v 1 }, {v 2 }, {v 3 , v 4 }) = ({v 2 }, {v 1 }, {v 3 , v 4 }). And for {1, 1, 2} partition, {{v 1 }, {v 2 }, {v 3 , v 4 }} = {{v 2 }, {v 1 }, {v 3 , v 4 }}. is called disjoint (or separable) if the convex hulls of 1 , 2 , . . . , p are disjoint. Apparently, the number of disjoint partitions depends on the configuration of N d . Disjoint partitions have been widely studied in the literature of optimal partitions and clustering since its first appearance in Harding [5] , Capoyleas et al. [4] and Barnes et al. [3] . See [1, 6] for recent references.
Once the existence of a disjoint optimal partition is known, it is important to estimate the number of disjoint partitions so that we can evaluate whether an exhaustive search in the disjoint family is practical.
). Alon and Onn [1] confirmed that for p 3 and d 3,
In this paper, we give an exact formula for (2, 2, n) where points are not necessarily in general position. Note that Aviran et al. [2] counted the number of a special kind of disjoint partitions, which they called "0-separable" ("0-disjoint" in our term) for d = 2 or p = 2, thus providing lower bounds
A partition is called a shape-partition if | i | = n i , 1 i p, are given, where S = (n 1 , n 2 , . . . , n p ) is referred to an ordered partition as its shape, respectively. Disjoint shape-partitions were also studied in [6, 7] . Let (N d , S) denote the number of disjoint shape-partitions of N d for a given shape S, where
In this paper we give (2, (2, n − 2)).
(2, 2, n)
First, we study the case that N 2 is in general position. Because the number of points is finite, we can rotate the whole plain so that there is no pair of points lying in the same vertical line. Therefore we can order the points linearly according to their x-coordinate. For any two points u and v, u < v means the x-coordinate of u is strictly smaller than v's. We label the n points by v 1 , v 2 , . . . , v n , where v i < v j if and only if i < j. For i < j, let L ij denote the line obtained by slightly rotating the line − − → v i v j clockwise. Then v j is now "above" L ij and v i "below." Let P ij denote the set of points above L ij and P ij the set of points below (see Fig. 1 ). P ij denote the 2-partition whose parts are P ij and P ij .
Proof. (i) Suppose P 12 = P 13 . If v 3 ∈ P 12 (see Fig. 2(a) ), then v 3 and v 1 are in the same part by the definition of P 12 , contradicting the definition of P 13 . If v 3 ∈ P 12 (see Fig. 2(b) ), then because v 3 and v 2 are both larger than v 1 , v 2 ∈ P 13 . Therefore v 2 and v 1 are in the same part by the definition of P 13 contradict to the definition of P 12 .
Similarly, we can prove (ii) and (iii). While Harding [5] solved (2, 2, n) for the case points are in general position, we consider the general case that three points can lie in a line. Let L(v 1 , v 2 , . . . , v t ) denote a line which contains t points, 
Proof. First, we can prove P (v s 1 , . . . , v s m , v t 1 , . . . , v t n ) . Clearly, any 2-partition can do this. Therefore (2, 2, n) 2 k i=1 (r i − 1). 3 and L 4 , which are shown in Fig. 5(a) . Therefore, r 1 = r 2 = r 3 = 2 and r 4 = 3. By Theorem 3, there are 1 + 1 + 1 + 2 = 5 unordered 2-partitions each yielding two ordered 2-partitions. See Fig. 5(b) .
Example 1. Consider the configuration N
Fig . 5 . The partitions of Example 1.
We can now state Harding's result as a corollary.
Proof. Note that for r i 2,
2 . Since each pair of points can appear in at most one line, and there are n 2 pairs,
The equality is achieved when r i = 2 for all i, i.e., no three points lying in a line(N 2 in general position).
(2, (2, n − 2))
For easier presentation, we present the results in terms of unordered partition {2, n − 2}. Note that (2, (2, n − 2)) = (2, {2, n − 2}) except (2, (2, 2)) = 2 (2, {2, 2}).
It is easily verified that (2, {2, n − 2}) = 1 for n = 2, 3 for n = 3, 3 for n = 4.
(3.1) Fig. 6 shows the configuration which realizes (3.1) for n = 4. We now prove Theorem 5.
Proof. We first prove n = 5 n = 6 n = 7 n = 8 Next we prove
For a given N 2 with n 5, let C denote its convex hull. Assume C has c vertices. Let G denote the geometric graph (a graph where the locations of nodes are fixed) whose node-set is N 2 , and two nodes (x, y) have an edge if and only if (x, y) induces a disjoint 2-partition with {x, y} being one part. First we prove some lemmas. Proof. Suppose to the contrary that u is an interior node in vv i v i+1 . Consider the positions of u, v, v i , v i+1 and v i+2 (see Fig. 9 ). Note that v i+2 is outside of vv i v i+1 since v is an interior node of C.
Since at least one of vv i and vv i+1 must cross uv i+2 , say vv i+1 , by Lemma 6(ii) vv i+1 is not an edge of G, a contraction to our assumption.
